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Abstract

Objectives We demonstrate the utility of ordered regression models for analyzing ordinal
outcomes frequently encountered in criminology, comparing their predictive accuracy and
estimation against conventional linear models.

Methods The study employs simulation to illustrate how linear and ordered probit mod-
els represent ordinal data distributions. Subsequently, it analyzes national survey data
(N=1,150) on racial differences in fear of police from Pickett et al. (2022). Linear mod-
els (item-specific, multilevel, normed-scale) are compared to Bayesian cumulative probit
models using cross-validation, visualizations (mosaic plots; predicted probabilities), and a
comprehensive R tutorial.

Results Simulations confirm linear models poorly represent non-normal ordinal distribu-
tions, while ordered probit models accurately recover observed patterns. Cross-validation
reveals dramatically superior predictive performance for ordinal models (e.g., AELPD =
1,920, SE=48.6). While both approaches yield convergent average effect estimates (d=0.98
vs. d=0.97), they generate substantially different category-specific predictions. Ordered
probit models estimate 32.8% of Black participants report being “very afraid” of police
killing compared to 7.6% of White participants, while linear models predict only 11.0% and
1.1%, respectively. Observed proportions were 32.1% and 8.6%.

Conclusions Ordered regression models provide superior predictive accuracy and precise
quantification of distributional patterns while yielding equivalent average effects when lin-
ear models perform adequately. This demonstrates that methodological choice affects sub-
stantive understanding of policy-relevant phenomena. Although the paper limits its focus
to cumulative probit models and a single substantive domain, the tutorial, supplementary
material, and review of relevant literature are meant to encourage practical adoption and
elaboration of ordinal methods in criminology.
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Introduction

Regression modeling techniques are central to quantitative criminological research,
enabling researchers to describe patterns, test theories, and evaluate policies. The reliability
and validity of our findings, however, depend heavily on the appropriate application of
statistical techniques to the types of data commonly collected in the field. A frequent chal-
lenge arises from the prevalence of ordinal data, particularly from surveys using Likert-type
scales to measure attitudes, perceptions, or behavioral frequencies. While widely used, the
analysis of such data frequently defaults to treating ordinal responses as if they were con-
tinuous, typically employing linear regression models.

This common practice, while convenient, rests on assumptions — such as equal intervals
between categories and normally distributed errors — that may not align well with the nature
of ordinal measurements. When model assumptions mismatch the data structure, the result-
ing estimates of relationships and effect magnitudes may be less accurate or potentially
misleading. Ensuring our analytical methods faithfully represent the information contained
in our data is fundamental to building a robust and cumulative science. Striving for accuracy
and precision in estimation allows us to move beyond simple directional statements (“X
is positively related to Y”) towards quantifying how much X relates to Y on meaningful
response scales, a step crucial for developing more refined theories and informing evidence-
based practice (cf. Tukey 1977).

Ordered regression models (e.g., ordered probit, ordered logit) offer a suite of techniques
specifically designed for analyzing dependent variables with ordered categories. These
models make different assumptions than linear models, explicitly accounting for the ranked
nature of the data and modeling the process through latent thresholds. By aligning statistical
assumptions more closely with the properties of ordinal data, these methods can provide a
more accurate representation of underlying patterns and potentially yield different substan-
tive conclusions compared to linear approaches, particularly regarding the magnitude of
effects.

Despite their long history and availability in standard software, ordered regression mod-
els arguably remain underutilized in criminology relative to the prevalence of ordinal data.
This manuscript aims to provide a practical tutorial and demonstration for criminologists on
the application and interpretation of ordered regression models, using the cumulative probit
model as a primary example. We first use simulated data to illustrate key differences in how
linear and ordered probit models represent ordinal distributions. We then conduct a detailed
analysis of data from Pickett et al.’s (2022) study on racial differences in fear of the police,
comparing findings from linear models (including one replicated estimate from the original
study) with those from ordered probit models. Our core goals are to illustrate:

e Using mosaic plots for visualizing bivariate ordinal data.

Comparing the fit of intercept-only linear and ordered probit models to observed ordinal
distributions.

e Comparing estimates of group differences (Black vs. White fear of police) derived from
both model types, both on the latent scale and, crucially, as predicted probabilities for
specific response categories.

e Comparing estimates from multilevel ordered probit models versus linear models using
composite scales.
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Through this comparative demonstration, we aim to equip researchers with a clearer under-
standing of how ordered regression models work, the types of insights they can provide
(especially regarding precise effect magnitudes and distributional patterns), and the poten-
tial consequences of applying linear models to ordinal data. The goal is not to universally
condemn linear models, but rather to illustrate the value of ordered regression as an impor-
tant tool for enhancing analytical accuracy when working with ordinal outcomes, thereby
contributing to more precise and reliable criminological knowledge.

Background
Why Bother With Ordered Regression Modeling?

Ordered regression models have deep roots in over a century of methodological develop-
ment. The pioneers of probit and logit modeling (e.g., Fechner 1860; Bliss 1934; Berk-
son 1944) grappled with the fundamental challenge of accurately measuring and analyzing
outcomes like human perception and response variation, particularly when responses fall
into ordered categories but the “distance” between those categories is unknown or unequal.
This challenge remains highly relevant for criminologists today, given the frequent use of
ordinal measures like Likert scales. While linear regression is often applied to such data, it
is important to understand its underlying assumptions and how they relate to the properties
of ordinal data. Applying models whose assumptions are strongly violated by the data can
potentially lead to inaccurate or misleading inferences regarding effect magnitudes or even
direction.

Numerous scholars have detailed the potential issues when applying linear (“metric”)
models to ordinal data (e.g., Agresti 1989, 2010; Biirkner & Vuorre 2019; Greene & Hen-
sher 2010; Liddell & Kruschke, 2018; Winship & Mare 1984). These discussions highlight
several key areas where the assumptions of linear models may clash with the properties of
ordinal data:

1. Unequal Intervals Between Categories: Linear models treat the numerical coding of
ordinal categories (e.g., 1, 2, 3, 4, 5) as if they represent equal intervals on an underly-
ing scale. For instance, they assume the difference between “Strongly Disagree=1"" and
“Disagree=2" is equivalent to the difference between “Disagree=2" and “Neither=3.”
This assumption is rarely justified empirically for subjective ratings and, when violated,
means that a one-unit change on the predictor does not correspond to a constant change
on the outcome scale, potentially distorting estimates of relationships.

2. Inappropriate Error Distribution Assumptions: Linear models typically assume that
measurement errors (residuals) are normally distributed around the predicted value.
This assumption is often incompatible with the discrete, bounded nature of ordinal
responses, especially when data are skewed or exhibit floor/ceiling effects. This mis-
match can lead to issues like heteroscedasticity (unequal error variance), potentially
resulting in biased standard errors and impacting the validity of statistical tests.

3. Distortion from Ceiling and Floor Effects: Criminological data, particularly survey
responses about rare behaviors or strong attitudes, often cluster at the extremes of an
ordinal scale (e.g., many respondents reporting “Never” or “Very Afraid”). Also known
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as censoring issues (cf. Osgood et al. 2002), linear models struggle to accurately rep-
resent these clusters due to the inaccurate assumption of an unbounded latent variable.
This can lead to underestimation of the true strength of relationships involving those
scale extremes, a phenomenon we illustrate later in this tutorial.

4. Latent Threshold Shifts: Liddell and Kruschke (2018) also demonstrate how differ-
ent groups might use response categories differently — that is, they might have differ-
ent internal thresholds for selecting, say, “Agree” versus “Strongly Agree” — even if
their mean level on the underlying latent trait is identical. Linear models cannot easily
account for such threshold differences and may consequently indicate spurious group
differences that are artifacts of response style rather than substantive differences in the
construct.

These potential issues are not merely theoretical concerns; they can manifest in practical
research contexts, potentially leading to incorrect inferences about the presence, direction,
or magnitude of effects (e.g., false positives or false negatives).

Ordered regression models (like cumulative probit and logit) are designed to address
these challenges. They do so by explicitly modeling an underlying latent continuous vari-
able and estimating threshold parameters that map segments of this latent variable onto
the observed ordinal categories. This approach avoids assuming equal intervals, inherently
handles the bounded nature of the scale, accommodates different threshold patterns, and
can better represent skewed distributions and ceiling/floor effects. Importantly, when data
do approximate interval-level measurement with normally distributed errors, linear and
ordered regression models typically generate comparable estimates.

Criminology boasts a long tradition of applying sophisticated statistical tools to address
theoretical and empirical challenges (e.g., Osgood et al. 2002; Greenberg 2016; Britt et al.
2018), including the use of ordered regression models for ordinal outcomes (e.g., Weisburd
etal. 2022; Torres et al. 2024). However, the application of linear models to ordinal outcome
data remains prevalent throughout the field (e.g., Jones et al. 2022; Svensson & Oberwittler
2021; Madon et al. 2023; Herman & Pogarsky 2024). It is also common practice to apply
linear models to composite scales created by averaging ordinal items and then “normaliz-
ing” them (e.g., to a 0—100 range), with results often interpreted as percentage point changes
(e.g., Mummolo 2018; Peyton et al. 2019; Metcalfe & Pickett 2022; Wozniak et al. 2022;
Hannan et al. 2023; Lee et al., 2024; Pickett et al. 2024). Furthermore, researchers some-
times report running both linear and ordinal models but focus interpretation on the linear
results, citing “ease of interpretation” or noting only that coefficient signs and statistical sig-
nificance align across models (e.g., Baranauskas, & Drakulich 2018; Silver 2020; Wheeler
et al. 2020; Munksgaard et al. 2023; Smith et al. 2025).

As we will show, these common practices can result in distorted inferences and important
yet overlooked patterns in data. Thus, while linear models are valuable tools, understand-
ing their assumptions and limitations alongside the capabilities of alternatives like ordered
regression is crucial for making informed methodological choices. This tutorial aims to
contribute to that understanding by providing a practical demonstration for criminologists,
illustrating how ordered regression models work and what differences in estimation and
interpretation can arise compared to linear models. By showcasing these techniques, we
hope to encourage their application to potentially enhance the accuracy and nuance of data-
based inferences from the ordinal data prevalent in our field.
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Why Ordinality Remains Problematic in Multi-ltem Scales

Many researchers appear to assume the problems associated with applying metric models to
ordinal data are limited to cases where metric models are applied to individual ordinal items.
The common practice of scaling such items together presumably makes them interval or
interval enough to be robust to the issues we outline above (cf. Carifo and Perla 2008). For
a detailed rebuttal of this inaccurate assumption, we refer readers to Liddell and Kruschke
(2018), who explicitly demonstrated that averaging across multiple ordinal measurements
“does not solve these problems” and confirmed that composite scores share the same fun-
damental flaws as single ordinal items. For example, their simulations showed how linear
models applied to averaged ordinal items could produce false alarms and failures to detect
effects, with these problems “not ameliorated” by increasing the number of items. Aggre-
gation preserves the fundamental problem: Non-linear relationships between underlying
latent variables and observed ordinal responses create systematic distortions, particularly
at extreme values.

Empirical Evidence Favors Ordinal Methods Methodological research typically favors
ordinal-specific methods over linear methods for analyzing ordinal data. For example,
in SEM contexts, methods like Weighted Least Squares and Diagonally Weighted Least
Squares tend to provide more accurate parameter estimates than traditional linear approaches
while preserving the multi-item measurement benefits that justify composite scaling (e.g.,
Flora & Curran, 2004; DiStefano & Morgan, 2014). Though frequently cited for suggesting
that items with five or more categories might be treated as continuous in some CFA contexts,
Rhemtulla, Brosseau-Liard, and Savalei (2012) found categorical methods tend to be supe-
rior with fewer categories and/or when items exhibit asymmetric distributions.

Recent work reinforces concerns about conventional linear aggregation approaches.
Donnellan, Usami, and Murayama (2023) demonstrate that ignoring item-specific variations
in relationships with predictors, or what they term “random item slopes,” leads to inflated
Type I (false positive) error rates, especially in large samples. Their real-world analyses
show these problematic variations exist in commonly used psychological scales, with stan-
dard psychometric indices (Cronbach’s alpha; SEM fit statistics) insufficient to detect them.
Moreover, and consistent with Liddell and Kruschke’s (2018) findings, Kotczynska and
colleagues (2024) note that common approaches like linear re-scaling of ordinal data “come
at a cost,” leading to “information loss” and potentially “inflated error rates, distorted effect
sizes, and even inversions of effects.” The robustness of linear models to ordinal outcome
variables applies only under highly restrictive conditions rarely met in practice, especially
for skewed 5-point Likert scales common in criminological research.

These issues extend to various methodological contexts, including multilevel model-
ing. For example, Bauer and Sterba (2011) investigated “When can the results of a multi-
level linear model fit to an ordinal outcome be trusted?” Their results suggest the answer:
“Rarely.” Only when responses were roughly normal with seven categories did linear model
bias decrease to acceptable levels; they conclude: “In almost all cells of the design, the
linear model estimates were inferior to the cumulative logit model estimates.” Importantly,
multilevel ordinal models can achieve the same analytical goals as traditional multi-item
scaling — pooling information across items, estimating latent constructs, controlling for
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measurement error — while respecting the categorical nature of the data. Kotczynska et al.
(2024) demonstrate this approach using Bayesian explanatory IRT modeling for ordinal out-
comes, explicitly modeling varying thresholds across items within multilevel frameworks
while estimating underlying latent traits.

Beyond Average Effects: Estimands, Model Fit, and Ordinal Data

Another relevant perspective, particularly common in econometric analysis, sometimes
favors linear models even when the outcome is discrete or ordered. The argument often cen-
ters on the desirable property that linear regression can provide unbiased estimates of aver-
age effects (e.g., average treatment effects or coefficients representing average relationships
between variables), even if the model itself is misspecified in other ways, such as producing
predicted probabilities outside the logical bounds or poorly representing the underlying dis-
tribution (cf. Angrist & Pischke 2009). From this viewpoint, if the primary goal is estimat-
ing the average marginal effect coefficient for causal or descriptive inference about linkages,
the simplicity and direct interpretability of the linear model coefficient might be preferred
over non-linear models like probit or logit, where marginal effects are conditional or require
further calculation.

While the unbiased estimation of an average effect coefficient is a valuable statistical
property, its substantive utility depends critically on the appropriateness and meaningful-
ness of the estimand — the specific quantity we aim to estimate — in the context of the data
and research question (Lundberg et al. 2021). For ordinal data, the coefficient from a linear
regression model represents the estimated average change in the mean of the numerically
coded ordinal outcome associated with a one-unit change in the predictor. The central issue
then becomes: Is the mean of an ordinal variable the most meaningful summary or the most
relevant target for inference? Fundamentally, this is a question that researchers must answer
in the context of their specific research programs, though we suspect that analytical conven-
tions are preventing many from fully engaging with this issue.

As discussed in “Why Bother with Ordered Regression Modeling?” section, treating
ordinal data as interval-level and calculating a mean ignores the inherently ranked nature
of the categories and assumes equal spacing that rarely holds. Furthermore, the mean can
be a poor or even misleading descriptor of central tendency for distributions that are highly
skewed, bimodal, or subject to ceiling/floor effects, which are all common features of ordi-
nal data in criminology (as we later show in Fig. 1 with simulated examples). Consequently,
obtaining an unbiased estimate of the effect on a potentially uninterpretable summary statis-
tic (the mean of ordered categories) may offer limited insight into the substantive processes
generating data. What good is an unbiased estimate of the effect on the mean when the mean
itself'is a fundamentally flawed representation of an ordinal response distribution?

This highlights the importance of considering the fif of the model to the data and clearly
defining the substantive quantity of interest beyond just the average effect on the mean. Are
we interested in:

The effect on an underlying latent propensity assumed to generate the ordered responses?
o The effect on the probability of observing a specific response category (e.g., “Very
Afraid”) or exceeding a certain threshold (e.g., “Afraid” or “Very Afraid”)?
e How the entire distribution of responses shifts across levels of a predictor?
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A. Normal-like B. Uniform C. Bimodal
(mean=2.92, sd=1.11) (mean=2.97, sd=1.38) (mean=2.97, sd=1.7)
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D. Skewed Left E. Skewed Right
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Proportion

¥

0.1

0.0 0.0
1 2 3 4 S 1 2 3 4 5 1 2 3 4
Response Category Response Category

Fig. 1 Visualizing How Metric and Ordered-Probit Models View Ordinal Data. Note: Light bars show ob-
served (simulated) proportions of responses. Dark line overlays linear model-implied normal curve. Point
intervals display ordered probit model-implied predicted probabilities with 95% bootstrap confidence
intervals. Grey dashed lines illustrate how ordered probit model cuts a 5-category item into four latent
thresholds (1;). For color figures, see article's online version of record

If these latter quantities are the primary focus, then models explicitly designed to capture
the ordinal structure and estimate these probabilities or distributional shifts, such as ordered
probit or logit models, are more suitable. While linear models might provide an unbiased
estimate of the average slope across a latent continuous scale, ordinal models also provide
comparable, typically convergent, and more interpretable estimates of the average slope
across a latent continuous scale. Meanwhile, linear models demonstrably fail to accurately
recover the probabilities within specific categories when the underlying distribution is non-
normal (as shown in “Comparing Linear and Ordered Probit Models” section and Fig. 3),
undermining their utility for research questions focused on predicted probabilities or specific
parts of the outcome distribution. The focus solely on the unbiasedness of the mean-effect
coefficient overlooks the crucial aspect of whether the model accurately and completely
represents the data generating process across its full range while ignoring the fact that these
same quantities can be estimated as or more accurately in ordinal models.

To support broader adoption of techniques that can help us both accurately estimate and
move beyond average effects, alongside our reported analysis and primary supplement, we
provide a comprehensive R tutorial comparing frequentist and Bayesian linear and multi-
level approaches to ordinal modeling (see Appendix 1 table in manuscript for a summary
of R tutorial file contents). This standalone tutorial demonstrates practical challenges with
frequentist multilevel ordinal models (including common convergence failures), shows how
Bayesian alternatives provide more robust solutions, and includes step-by-step code for
model fitting, diagnostic testing, and predicted probability generation. The tutorial illus-
trates how ordered regression techniques allow researchers to more accurately represent
observed ordinal distributions and to estimate comparable average effects as well as other
substantively meaningful quantities, such as category-specific probabilities and shifts in
those probabilities. This appendix is distinct from our primary online supplement, which
contains all code and output for the specific results presented in this paper. Ultimately, our
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aim is to illustrate how choosing models that better align with the data structure enables
more complete and accurate descriptive and inferential analysis.

Assumptions and Limitations of Ordinal Models

Before illustrating their application, below we explicitly present key assumptions of ordinal
regression models and compare them with more familiar linear model assumptions:

® Proportional Odds Assumption. Cumulative ordinal models assume predictor effects
are consistent across threshold boundaries (e.g., the effect of race should be proportion-
ally similar whether distinguishing the lowest category from all others, the two lowest
from the three highest, etc.). Linear models make a similar assumption that effects are
constant across the latent treated-as-continuous scale. Violations of proportional odds
can be diagnosed through formal tests (see Liu et al., 2023) and can be addressed via
category-specific modeling (see Section 10 in Appendix 1).

e Latent Variable Distribution. Cumulative probit models assume there exists an underly-
ing continuous scale (e.g., like an internal ‘fear thermometer’) that follows a normal
distribution, which gets converted into discrete ordinal responses through threshold
boundaries. Linear models make similar normality assumptions (for residuals) while
additionally requiring equal intervals and unbounded scales.

o Threshold Ordering and Monotonicity. Models assume ordered thresholds
(t1<12<713<14), which naturally holds for properly coded ordinal data, and monotonic
predictor effects, meaning higher predictor values systematically increase or decrease
the probability of higher ordinal categories. Instead of estimating thresholds, linear
models assume the numerical coding of ordinal categories reflects true equal intervals
on a continuous scale, and they make similar monotonicity assumptions about the rela-
tionship between predictors and outcomes.

Key Limitations and Comparative Perspective As Allison (1999) and Williams (2009)
explain, comparing ordinal regression coefficients across groups can be problematic due to
rescaling based on residual variation. This concern also applies to linear models with hetero-
skedastic errors, but it can be addressed in both cases by focusing on predicted probabilities
over raw coefficients (as we do below). When proportional odds assumptions fail, standard
models provide averaged effects that may obscure threshold-specific patterns. However, lin-
ear models applied to ordinal data violate normality, homoskedasticity, and equal-intervals
assumptions simultaneously, often more severely.

Despite limitations, ordinal model assumptions are generally more appropriate for ordi-
nal data than those of linear alternatives. Indeed, given the extensive evidence, Liddell and
Kruschke (2018, p.337) directly counter arguments that applying metric models to ordinal
data is “innocuous and desirable for its simplicity” by demonstrating that it leads to “sys-
temic errors.” Given this, they argue that ordinal models should be the “default treatment
of ordinal data” and offer a potent analogy: Dismissing these problems as rare is “like argu-
ing it’s okay to drive drunk because accidents rarely happen.” They emphasize researchers
“cannot know in advance if any given set of data will yield different conclusions when ana-
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lyzed with a metric model and an ordered-probit model,” but fundamentally, “an ordered-
probit model will better describe the data than a metric model.”

Ultimately, the choice of modeling approach should be guided by assumption plausibility
rather than computational convenience, and ordinal models relax the linear model’s restric-
tive equal-intervals and unbounded-scale assumptions while adding only the proportional
odds constraint, which can be tested and relaxed as needed. Below, we attempt to provide
the readers with examples that we hope will help them to imagine how the consequences
of these choices might affect their own analyses and illustrate the analytical advantages of
(multilevel) ordered regression when working with ordinal outcomes.

Comparing Linear and Ordered Probit Models

We begin with a brief comparison of linear and ordered probit models with an accompany-
ing analysis of simulated data to illustrate how they model or “view” data differently. For
more detailed comparisons of linear and ordered regression models, we refer readers to
the Liddell and Kruschke (2018) and to the many other interdisciplinary topical treatments
(e.g., Agresti 1989, 2010; Biirkner & Vuorre 2019; Greene & Hensher 2010; Winship &
Mare 1984).

Classic Linear Regression

First, consider the classic linear regression equation:
Equation 1. (Classic linear regression)
y; ~ Normal (1, 0)
i =Xg
Where:

e y;, is the observed metric continuous outcome variable for individual .

Normal(y,, o) indicates that y; is assumed to be normally distributed with mean y; and
standard deviation o.

1; 1s the predicted mean of y; for individual i.

X represents the predictors.

[ represents the regression coefficients (the effect of the predictors on ;).

o represents the standard deviation of the error term.

Cumulative Probit Regression

Under the hood, the ordered probit model posits an underlying continuous latent variable
that is transformed into discrete ordered categories through a set of thresholds. Mathemati-
cally, the model can be expressed as:

Equation 2. (Cumulative Probit Regression)

y*; ~ Normal (p;, 1)

i =Xg

yi =Jifm1 <yx <75
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Where:

® yx;is the unobserved latent continuous variable for individual i.

Normal (p;, 1) indicates that y+; is assumed to be normally distributed with mean p,

and standard deviation 1 (the standard deviation is fixed to 1 for identification purposes

in ordered probit models).

w;is the predicted mean of yx*; for individual .

X represents the predictors.

[ are regression coefficients.

y%; is the observed ordinal category for individual i.

7; values represent threshold parameters that divide the latent space into ordered cat-

egories.

e y; = jifrj_1 <y#; < 7;defines how the latent variable y*; is mapped to the observed
ordinal category y; using thresholds 7;.

Put simply, these models rely on fundamentally different ways of characterizing outcome
data. A linear model assumes that the outcome can be adequately summarized by its (condi-
tional) mean and variance, treating deviations from the mean as normally distributed residu-
als. While this assumption formally applies to residuals rather than the observed response
itself, in practice, the model implicitly treats the outcome distribution as normal when mak-
ing predictions — generating fitted values that assume a smooth, continuous spread even
if the actual data are discrete or clustered. In contrast, the ordered probit model does not
assume a normal outcome distribution but instead models an underlying latent variable that
follows a normal distribution. It estimates thresholds that map this latent scale onto discrete
ordinal categories, producing predictions that align more closely with the categorical nature
of the data rather than assuming a continuous normal approximation.

This threshold-based approach allows the ordered probit model to capture the nuances
of ordinal data, such as skewness and multimodality, that linear regression cannot. Thus,
it is unsurprising that tutorials for various routine to complex applications abound in
methodological literatures, such as multilevel modeling (e.g., Bauer and Sterba, 2011),
or dynamic SEM (McNeish et al. 2024), or causal mediation with ordinal mediators
(Nguyen et al. 2016). In fact, ordered regression techniques can even be applied usefully
to continuous or count outcome data (Cameron and Trivedi 2013; Liu et al. 2017) and
may improve model fit and reduce estimate bias compared to popular linear or paramet-
ric count modeling techniques (e.g., Poisson or negative binomial regression), particu-
larly when outliers, zero-inflation, or overdispersion are present (cf. Jung et al. 2006;
Valle et al. 2019).

To help readers visualize how linear and ordered regression models differently “view”
data, we simulated different ordinal data distributions and then plotted linear and ordered
probit regression predictions with observed response distributions.! Specifically, the simu-
lation generates data from five distinct ordinal distributions, each with N=250 simulated
observations: (A) Symmetric normal-like distribution; (B) Uniform distribution; (C) Bimodal

'While we use Bayesian regression techniques in our primary analysis, here we generate frequentist cumula-
tive probit regression predictions using the polr function from MASS R package (see Ripley et al. 2013).
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distribution; (D) Left-skewed distribution; (E) Right-skewed distribution.? The first three dis-
tributions were simulated with nearly identical mean values, while the fourth and fifth display
opposite skew patterns. Figure 1 provides a visual comparison of these approaches, revealing
critical differences in how each method recovers the underlying response distribution.

Visually, the differences are most pronounced in non-normal distributions. For skewed
and bimodal distributions, the linear model’s assumption of equal intervals and normal dis-
tribution can severely misrepresent the underlying data structure, as demonstrated by the
normal curve failing to capture the observed response distributions. The consequences of
such misfit are quite dire for analyses built upon such assumptions. For example, even
simple linear-based analyses of group differences in means (e.g., -tests) would generate
near-null point estimates and critical values that fail to statistically distinguish between (A)
normal-like, (B) uniform, and (C) bimodal distributions despite obvious distributional dif-
ferences and distinct data generating processes. Even where differences might be statistically
detected, such as between (D) skewed left and (E) skewed right distributions, estimates are
difficult to interpret and fail to represent observed distributional differences, and inferences
are susceptible to substantial magnitude and even directional errors. For example, the linear
model only “sees” about~ 1 response category difference between D & E distributions, with
means implying the typical observation in D is a “3’ or ‘4’ and the typical observation in E
is a ‘2’ or ‘3.” Yet, most observations in D were in categories ‘4’ and ‘5’ (not ‘3’ and ‘4’),
whereas most observations in E were in ‘1” & ‘2’ (not ‘2’ and 3°).

The ordered probit model, by contrast, adapts to the observed category proportions, provid-
ing a more accurate representation of each data-generating process. This is clearly seen in the
point interval estimates that accurately recover the observed proportions. For example, notice
in panel (C), the linear model’s normal curve fails to capture the bimodal nature of the data,
while the ordered probit model’s point estimates accurately reflect the two peaks. Similarly,
in panels (D) and (E), the linear model’s symmetrical curve struggles to represent the skewed
distributions, whereas the ordered probit model’s thresholds adjust to the observed skew.

In essence, the simulation demonstrates that relying on linear regression for ordinal data,
especially when distributions deviate from normality, can lead to a distorted view of the data
and potentially misleading conclusions. This visual comparison underscores the importance of
choosing a modeling approach that aligns with the nature of the data, a nature that in many crimi-
nological contexts is imposed by common survey measurement practices. In doing so, it high-
lights the advantages of ordered regression (e.g., cumulative probit) models for ordinal outcomes.
This improved representation of the underlying data directly addresses the goal of improving
precision by allowing researchers to more accurately capture and communicate the true patterns
in their data, rather than forcing complex ordinal distributions into ill-fitting linear frameworks.>

2Think of these as five subgroups of n=250 observations per distributional group (total sample size of
N=1,250). This generates a total sample that is comparable to large-N survey research in criminology. Three
distributions are simulated with identical population means (3.0) but, with sufficient sampling variability
that observed sample means may differ slightly. The sample provides>95% power to detect meaningful
mean differences between the skewed distributions, while effectively demonstrating how distributions with
similar means can exhibit dramatically different response patterns.

3We conducted additional simulations examining ordinal regression performance under some conditions that
might be typical of real-world criminological data, including scenarios with polarized response distribu-
tions and zero-inflated crime outcomes. These simulations demonstrate how linear models can miss impor-
tant heterogeneous treatment effects that ordinal models successfully detect, even when average treatment
effects appear similar across modeling approaches. Full simulation details, code, and results are available in
the online supplement (Supplemental Simulations 1A and 1B).
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From Simulations to Real-World Data

Pickett et al.’s (2022) data on racial differences in fear of the police, published in Criminol-
ogy, provide a compelling real-world parallel to the issues described above and depicted in
Fig. 1. Pickett and colleagues conducted a nationally representative survey to investigate
racial and ethnic differences in fear of the police, using a 10-item Likert-type scale to mea-
sure personal fear. Their findings revealed clear racial disparities, with Black Americans
reporting higher levels of fear compared to White Americans.* Their survey data reveal dis-
tinctly different ordinal response distributions between Black and White Americans, which
is precisely the kind of group-based distributional difference that challenges linear modeling
assumptions and where ordinal methods should demonstrate clear advantages.

We selected Pickett et al.’s (2022) data because their study represents high-quality,
impactful research addressing a critical social issue using methods common within the
field, including the analysis of Likert-type ordinal items via linear regression and com-
posite scales. The original authors usefully presented some item-specific distributions and
kernel densities and effectively extracted important insights regarding racial disparities
within the framework of these conventional techniques. Indeed, we believe their analysis
derived more substantive understanding from the data using these methods than is some-
times achieved, particularly when interpretations focus primarily on coefficient signs and
statistical significance.

In addition to its substantive importance, Pickett et al.’s (2022) study has other features
that make it amenable to our purposes: the public availability of their data and code (facili-
tating open science practices), its use of widely employed linear modeling techniques, and
its analysis of multi-item Likert-type ordinal data typical in criminological surveys. This
makes it an ideal case for demonstrating the application and potential value of ordered
regression models in a familiar and relevant context.

Ultimately, our goal here is illustrative and pedagogical. By applying ordered probit
models to the same data, we aim to:

1. Demonstrate concretely how the outputs and interpretations from ordered regression
differ from those of linear regression when applied to the same substantive question.

2. Showcase how ordered models can provide additional, potentially more precise,
insights into distributional patterns and category-specific probabilities that linear mod-
els are less equipped to reveal.

3. Provide a practical example for criminologists considering the use of these techniques
in their own work.

4. Illustrate the value of critically considering common aggregation/scaling practices
for multiple ordinal items and assessing item-specific heterogeneity with multilevel
models.

40ur central aim is to illustrate the utility of applying ordered regression modeling in this type of analysis,
not to reproduce all models or reanalyze all outcomes reported in Pickett et al.’s (2022) original manuscript.
Likewise, in some figures, Pickett and colleagues also reported results for a combined “other” race/ethnicity
group, though that group’s small subsample size generated much noisier estimates (i.e., very wide confi-
dence bounds). We restrict our focus here to personal fear of police contrasts between Black and White par-
ticipants. With that said, our analysis does replicate two specific estimates from their study (see Sect. 5.6): a
bivariate race coefficient (£=32.09; Model 1 in their supplementary Table S3) and corresponding standard-
ized effect estimate (d=0.97; 2022, p.302).
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Application: Racial Differences in Fear of Police
Data

The survey data collected by YouGov in 2021 were obtained from: (1) a nationally repre-
sentative sample (N=700), and (2) an oversample of the Black population (N=450), for a
total sample size of N=1,150. Both samples were collected using a two-step sample match-
ing procedure meant to match participants to from YouGov’s online panel to a synthetic
sampling frame based on the American Community Survey to ensure representativeness.

Personal fear of police Pickett and colleagues’ measure of personal fear was based on
responses to ten items following the question stem:

“Now, we want to ask about EMOTIONAL FEAR. How afraid or unafraid are you that
the POLICE will do the following things to you WITHOUT GOOD REASON in the
next five years?” (2022, p.320)

The ten items asked how afraid the participants were that police would: (1) Stop you; (2)
Search you; (3) Yell at you; (4) Handcuff you; (5) Punch or kick you; (6) Pin you to the ground,
(7) Pepper spray you; (8) Use a taser on you; (9) Shoot at you with a gun; and (10) Kill you.

Participants answered each item using a 5-point Likert type ordinal response scale. Fol-
lowing Pickett and colleagues, we recoded each of the 10 items so that higher values indi-
cate greater fear as: 0=very unfraid; 1 =unafraid; 2=neither afraid nor afraid; 3 =afraid,
4=very afraid.

Pickett et al. then “averaged the ten items to construct an index (loadings: 0.823 to 0.958,
a=0.98) on which higher values indicated greater personal fear” (2022, p.300). This proce-
dure creates a unidimensional composite “latent” fear of police index ranging from 0 to 4 (in
increments of 0.1). Subsequently, they “normed” or re-scaled the measure to range from 0
to 100 so they could reportedly interpret coefficients as effects on a “percentage” scale (i.e.,
percentage of the total response distribution; 2022, p.302).

Analysis Plan

We focus on results from Bayesian linear and cumulative probit regression models. The pos-
terior distributions that Bayesian models generate are advantageous for model convergence,
model checking, and flexible visualization of results (Biirkner & Vuorre 2019). However,
traditional frequentist approaches for applying ordinal regressions are widely available in
popular statistical programs.’ In fact, our simulation above and our R tutorial (Appendix
1) provide example applications of frequentist cumulative probit modeling (e.g., using the
‘polr’ function from the MASS R package).

Bayesian models require specification of prior distributions. We use the ‘rstanarm™ R
package for linear models (Goodrich et al. 2020), which specifies diffuse prior distributions
that are scaled by default to the outcome’s response distribution. We use the "brms’ R pack-
age (Biirkner 2017) for cumulative probit models and manually specify equal probability

5Some examples include: “polr()’ from the MASS package in R; ‘ologit" or ‘oprobit" in Stata; "proc logistic'
or ‘proc probit’ in SAS; and '"PLUM" in SPSS.
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(flat) priors for ordinal models. These priors will allow for a wide range of likelihood-driven
estimates and ensure results will be comparable to those that would be generated using
similar frequentist techniques.®

Our analysis is organized around five primary tutorial goals’:

1. TIllustrate the use of mosaic plots for visualizing bivariate ordinal response distributions,
which better represent categorical frequencies than the continuous scatterplot.

2. Compare relative fit of intercept-only linear and cumulative probit regression models to
observed ordinal response distributions.

3. Compare linear and cumulative probit regression results of item-specific analyses esti-
mating race differences in fear of police on latent response scale (regression betas).

4. Extract race-specific predicted probabilities, calculate black-white contrasts, and then
visualize predicted probabilities and contrasts from linear and cumulative probit models
estimating race differences in item-specific fear of police response data.

5. Compare predicted probabilities representing latent fear of police from a cumulative
probit multilevel model of all ten items, a linear multilevel model of all ten items, and
a linear model of a normed mean scale (comparable to Pickett et al.’s analysis).

Together, these analyses will demonstrate how more appropriate modeling and visualization
of ordinal data can reveal patterns and relationships that might be obscured or misrepre-
sented by conventional linear approaches, thereby contributing to more precise and accurate
criminological knowledge.

Ordinal Modeling and Visualization

Mosaic Plots

Goal: lllustrate the Use of Mosaic Plots for Visualizing Bivariate Ordinal Response
Distributions, Which Better Represent Categorical Frequencies Than the Continuous
Scatterplot

Before modeling, it is always a good idea to visualize one’s data. After viewing the ten

observed item distributions using frequency bar graphs, we visualize the bivariate relation-
ship between race and each fear item.®

® Alternatively, one might specify stronger or “more informative” prior distributions that, for instance, spec-

ify a certain range of values as highly implausible or even as impossible; doing so would generate posterior
estimates that deviate from likelihood-only estimates in predictable, prior-specified ways. For a simple
example, a classical frequentist model of self-reported crime counts might generate impossible negative
predicted counts for some subgroups and improbably extreme positive counts for other subgroups. In a
Bayesian model, one could specify a prior distribution of plausible values for which negative counts are
impossible and extreme positive counts are improbable, which would result in regularized posterior esti-
mates with better out-of-sample predictive performance.

"Our primary online supplement contains all R code, results, and supplementary output for analyses pre-
sented in this paper, while Appendix | provides a general-purpose tutorial for implementing ordinal model-
ing techniques in R. These online supplements are available at the authors’ website (https:/reluctantcrimin
ologists.com/supp/bd-supp/) and the project’s OSF page (https://osf.io/n52ke/).

8 Frequency bar graphs for all ten items can be found in the online supplement.
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Unfortunately, scatterplots are notoriously bad at generating useful visual descriptions
of bivariate relationships between ordinal or categorical variables. In contrast, mosaic plots
are designed for this task. Will Ball (2020) describes a mosaic plot as “similar to a heatmap,
except that the frequency of an observation... is proportional to the area of a tile.” For exam-
ple, the width of each bar in Fig. 2 represents the proportion of the sample within that racial
group; this strength is not immediately apparent in this sample since the bars are approxi-
mately equal due to Pickett and colleagues’ oversampling approach. Meanwhile, similar to
a proportional stacked bar chart, the height or “thickness” of each tile in Fig. 2 represents
the proportion of responses within each fear response category for that racial group, with
thicker (or thinner) tiles indicating a larger (or smaller) proportion of participants reporting
in that fear response category.

These mosaic plots help us clearly see substantial race differences exist in the ordinal
response distribution for each fear of police item. For those that prefer numbers, we can
also summarize these race-specific proportions in a table. However, including all estimates
would be a lot of information. For simplicity, we summarize the extreme categories of very
unafraid (y=0) and very afraid (y=4) in Appendix Table 2.

Across all ten police actions listed, Black participants consistently reported a lower per-
centage of “very unafraid” responses and a higher percentage of “very afraid” responses
compared to White participants. The more physically invasive or dangerous actions, such as
kick/hit you, pin you down, pepper spray you, tase you, shoot at you, and kill you, all show
the largest disparities in perceived safety. For example, between 44.1% and 44.9% of White
participants reported being “very unafraid” of these items compared to between 10.3% and
11.4% of Black participants who felt the same way, resulting in more than a 30-percentage
point difference for each item. Overall, these plots effectively illustrate the heightened sense
of fear among Black participants regarding potentially violent police interactions.

Stop You Search You Kill You
Yell at You Handcuff You
Kick/Hit You Pin You Down
Pepper Spray You Tase You
- -
White Black
Shoot at You Kill You
Very Afraid
I Afraid
Neither
Unafraid
Very Unafraid

White Black White Black

Fig. 2 Mosaic Plots of “Fear of Police” Ordinal Item Response Distributions by Race. Note: N=504
White and N=516 Black participants from Pickett et al.’s (2022) data. Higher values indicate greater fear.
The width of each bar represents the proportion of the sample within that race. The height of each tile
represents the proportion of responses within each category for that race
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While the mosaic plots and Appendix 2 provide valuable descriptive information, quan-
tifying observed differences and demonstrating the magnitude of those differences, we
typically need statistical modeling to go further. Specifically, we often want to estimate the
degree of uncertainty surrounding our inferences, permit extensions such as adjustment for
potential confounders, and allow for formal hypothesis testing if desired. Therefore, the
usual next step would be to estimate these joint distributions with a regression model.

Comparing Fit of Item-Specific Intercept-Only Models

Goal: Compare Relative Fit of Intercept-Only Linear and Cumulative Probit Regression
Models to Observed Ordinal Response Distributions

We begin regression modeling with a comparison of the Bayesian equivalent of linear and
ordinal simple means or intercept-only models for each of the ten fear items. As implied
by the name, each intercept-only model unconditionally estimates only the intercepts (e.g.,
mean values or ordinal thresholds) for each fear item without including race as a predictor.
The intercept-only linear model generates a single parameter estimate intended to recover
the mean of the latent continuous response variable, which in this case is equivalent to the
mean of each ordinal fear item. While the mean of a 5-category Likert-type item can provide
a general sense of central tendency, it fails to completely capture distributional characteris-
tics of ordinal data, such as skewness and multimodality. Different ordinal distributions can
have the same mean, making it difficult to draw meaningful conclusions from linear models
alone (e.g., see Fig. 1 above).

Equation 3. (Intercept-only Bayesian linear model)
Where:

1, is the observed value of the ordinal item for individual .
Normal(y, o) indicates that y; is assumed to be normally distributed with mean p and
standard deviation o.
1 is the intercept, representing the mean of the latent continuous variable.
p ~ Normal(ymean, 2.5 * ysq) is the prior distribution for the intercept p, assumed to
be normally distributed with mean y,,,cqr (the sample mean of y) and standard devia-
tion 2.5 * ysq (2.5 times the sample standard deviation of y). This is rstanarm’s data-
dependent default scaling.
o is the standard deviation of the normal distribution.

e o ~ Exponential(1l / ysq) is the prior distribution for the standard deviation o, as-
sumed to be exponentially distributed with rate 1 / ys4 (the inverse of the sample stand-
ard deviation of y).

By contrast, the intercept-only cumulative probit model generates multiple threshold param-
eter estimates that divide the latent space into ordered categories, each representing the
space between observed response values. Thus, the model generates j—1 thresholds for an
ordinal item with j response categories, or four thresholds for a 5-category Likert-type item.
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Unlike the linear mean, each ordered threshold is fundamentally interpretable upon transfor-
mation to the probability scale as the (unconditional) cumulative proportion of responses in
the preceding response categories. Using these cumulative threshold estimates, we can then
calculate the specific (predicted with uncertainty)® proportion of responses in each ordinal
response category.

Equation 4. (Intercept-Only Bayesian Cumulative Probit Model)

y*; ~ Normal(u, 1)

yi = Jif 1 <yx <7

71 ~ Normal(—0.84, 1)

Ty ~ Normal(—0.25, 1)

73 ~ Normal(0.25, 1)

74 ~ Normal(0.84, 1)

Where:

® yx;is the latent continuous variable for individual .
Normal(y, 1) indicates that y*; is assumed to be normally distributed with mean ¢ and
standard deviation 1 (the standard deviation is fixed to 1 for identification purposes in
ordered probit models).
y; 1s the observed ordinal category for individual i.

e y; = jif7j_1 <y*; < 7;defines how the latent variable y*; is mapped to the observed
ordinal category y; using thresholds 7;.

e ;. is the intercept, representing the mean of the latent continuous variable.

e 7 ~ Normal(—0.84, 1), To ~ Normal(—0.25, 1), T3 ~ Normal(0.25, 1),
and 74 ~ Normal(0.84, 1) are priors representing expected thresholds for equal cat-
egory probabilities

For each of the ten items, the linear (metric normal) model intercept estimate accu-
rately recovers the unconditional mean (e.g., Mgpyon=1.99), which is what the model
is designed to do. However, posterior predictive density plots in Fig. 3 show that the
underlying normal distribution assumption results in linear model predictions (dark purple
normal curves) that fail to recover the observed ordinal item values (light orange ordinal
density curves).

In contrast, Fig. 3 shows the intercept-only cumulative probit model predictions (dark
purple point-intervals) are a much better fit to the data (light orange bars) than are the com-
parable intercept-only linear models. This is unsurprising, as additional thresholds param-
eters are estimated in the cumulative probit model to more completely summarize each
item’s ordinal distribution.

9With classical frequentist modeling techniques, these intercept or threshold estimates would be computed
directly from the data or likelihood. In a Bayesian model, these estimates represent the center of a pos-
terior sample of estimates that each are generated by combining the likelihood (e.g., observed mean or
ordinal thresholds in the data) with a prior distribution of plausible values for the parameter in question. As
explained earlier, we specified diffuse or flat priors so posterior point and uncertainty estimates would con-
verge with frequentist model estimates, ensuring that our Bayesian results are comparable to those obtained
using traditional frequentist methods (see Table 3).
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Fig. 3 Posterior Predictive Checks for Linear vs. Ordinal Models. Note: Pairs show linear model density
checks (left) and ordinal model bar checks (right).

We can quantify and compare the relative fit of the intercept-only linear regression and
cumulative probit models for each fear of police item using Pareto-smoothed importance sam-
pling leave-one-out cross-validation (PSIS-LOO-CV; see Vehtari et al. 2017) and calculating
expected log predictive density (ELPD) for each model. The ELPD provides a measure of (out-
of-sample) predictive accuracy, with higher values indicating better predictive performance
and, by comparing its predictive performance to unseen data, it penalizes models for extra
parameters. PSIS-LOO-CV provides a rigorous method for comparing the predictive accuracy
of different models, helping us to select the model that best generalizes to unseen data.

Table 1 reports PSIS-LOO-CV results to compare model fits with ELPD. The “Differ-
ence” column shows the difference in ELPD between the ordinal and linear models (ordinal
minus linear), with positive values favoring the ordinal model. The standard error (SE)
quantifies our uncertainty in these differences.

These tables confirm what we observed in the posterior predictive checks (Fig. 3), where
ordinal models better captured the discrete nature of the response categories compared to
the continuous approximation used in linear models. The ordinal models showed consis-
tently better predictive performance across all items, with ELPD differences ranging from
about 115 to 319 units. The improvements were particularly substantial for more severe
items like shoot at you (Diff = 289) and kill you (Diff = 317), items which exhibited more
extreme bimodal distributions. Generally, the performance of modeling ordinal variables
using continuous Gaussian approximation will be better for variables with mean-centered
distributions and several response categories that exhibit symmetric decay about the mean
(e.g. “Normal-like” distribution in Fig. 1).

The “Dift/SE” ratio provides an approximation of statistical significance that is similar
to a z-test. Ratios that exceed approximately 2 indicate statistically significant differences
at the p<0.05 level. In this case, all differences are well over 10 standard errors from zero
(around 12-20), indicating superior fit of the ordinal models.
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Table 1 Comparing relative fit of
linear and ordinal intercept-only
models

Outcome Linear Ordinal Difference SE Diff/
ELPD ELPD SE

Stop You —1,73841 —1,623.50 114.90 11.42  10.06

Search You —1,748.40 —1,625.31 123.09 11.83 1041

Yell at You —1,751.51 —1,630.70 120.81 11.65 10.37

Handcuff —1,788.46 —1,640.93 147.53 13.01 11.34

You

Kick/Hit -1,847.02 —1,629.02 218.00 16.57 13.15

You

Pin You -1,856.14 —1,626.34 229.81 17.09 13.45

Down

Pepper -1,848.66 —1,630.11 218.55 16.55 13.20

Spray You

Tase You -1,858.72 —1,627.75 230.97 17.10 13.50

Shoot at -1,893.01 -1,603.83 289.18 19.50 14.83

You

Kill You -1,906.10 —1,589.35 316.74 2042 15.51

Table reports expected log predictive density (ELPD) values
calculated from Pareto-smoothed importance sampling leave-one-out
cross-validation (PSIS-LOO-CV) to assess relative fit of intercept-
only linear regression and cumulative probit models for each fear
of police item (see also Fig. 3). The ELPD provides a measure of
predictive accuracy, with higher values indicating better predictive
performance. The “Diff” column shows the difference in ELPD
between the ordinal and linear models (ordinal minus linear), with
positive values favoring the ordinal model. The standard error (SE)
quantifies uncertainty in these differences. For statistical testing
with LOO-CV comparisons, differences are typically considered
meaningful when they exceed twice their standard error (i.e., similar
to a z-test, when “Diff/SE”>1.96)

Now that we have established the poor fit of intercept-only linear models to ordinal out-
come items and the substantial improvements we gain in predictive fit to ordinal outcome
distributions by using ordered (e.g., cumulative probit) modeling techniques, we are ready
to add race as a predictor in our models.

Comparing Estimated Item-Specific Race Effects on Latent Response Scale

Goal: Compare Linear and Cumulative Probit Regression Results of Item-Specific
Analyses Estimating Race Differences in Fear of Police on Latent Response Scale

(Regression Betas)

Our next step involved adding “Black” race as a predictor to each item-specific linear or
cumulative probit model. The equation for the linear model in Eq. 3 now becomes:
Equation 5. (Bayesian linear model with race predictor)

y; ~ Normal(p;, o)
1 = a+ [ * Black;
a ~ Normal(Ymeqn, 2.5 *

ysd)

B ~ Normal(0,2.5* ysq /Tsa)

g ~ Exponential(l / ysd)
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The equation for the cumulative probit model in Eq. 4 changes to:

Equation 6. (Bayesian cumulative probit model with race predictor)

y *; 1~ Normal(u;, 1)

W = a + B * Black;

yi=jifr; 1 <y* i<y
71 ~ Normal(—0.84, 1)

T9 ~ Normal(—0.25, 1)

73 ~ Normal(0.25, 1)

74 ~ Normal(0.84, 1)

B8 ~ Normal(0, 1)

In both models, the beta coefficient (3) represents the change in the latent variable for a
one-unit increase in the “Black” predictor (i.e., comparing Black participants to White partici-
pants). For the linear model, 3 represents the difference in means between the two groups on
the unbounded latent metric scale. As before, we will use the rstanarm package’s default data-
dependent scaling priors for the linear model, where Yy, cqr is the mean of the response vari-
able, ysq is the standard deviation of the response variable, and x4 is the standard deviation of
the predictor (approximately 0.5 for a binary predictor). For the ordered probit model, 3 rep-
resents the difference in means on the latent scale in standard deviation units, which is con-
strained by the thresholds that map it to the observed ordinal categories. Again, we specify a
flat prior distribution over the thresholds and a diffuse Normal(0, 1) prior for 3 coefficients.

After estimating the models, we extracted the point estimate (regression beta coefficient)
and credible interval (95% Crl) representing the model-predicted effect of Black race on the
outcome item’s latent response scale and plotted them in Fig. 4.

Stop You ; ———
Search You- é _—
Yell at You : e
Handcuff You i —_—
Kick/Hit You ; —f—
Pin You Down 1 f —_—
Pepper Spray You : —_—
Tase YouH ; ——
Shoot at You f —_—
Kill You i —_—
000 025 050 075 100 125 150 175 200

Effect of race (Black) on latent scale (beta est + 95% Crl)
Linear == Ordinal

Fig. 4 Estimated Effects of Race (Black) on Fear of Police Responses, Item-Specific Latent Response
Scale. Note: Plot shows regression beta point estimates and 95% credible intervals for the effect of Black
race on the latent response scale of each fear of police item, comparing linear and cumulative probit
models. The plot displays the beta coefficients from both models, highlighting differences in the estimated
effects on the latent scales.
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Initially, Fig. 4 appears to show that the linear model estimates larger effects of race on
the latent response scale for all 10 items compared to the cumulative probit model. Yet, the
linear and cumulative probit models assume very different scales for each outcome, making
direct comparisons of beta coefficients challenging. Recall that the linear model is assuming
an unbounded continuous outcome, so larger effects could be relative to a much larger set
of model-implied outcome values (i.e., with “plausible” predictions extending below y=0
and above y=4). Meanwhile, the cumulative probit model accurately assumes a discrete
distribution with y-values bounded between 0 and 4, so the smaller cumulative probit (CP)
estimates on the latent y scale are interpreted relative to a more narrowly restricted range
of y values.

In short, though the CP beta coefficient is intended to be somewhat comparable to the
beta from a linear model, where a one-unit increase in X (or Black vs. White contrast) is
associated with a beta-unit increase in y, it is difficult to precisely interpret differences in
results across these models. However, though the linear coefficient is largely uninterpre-
table with ordinal outcomes (i.e., as a difference in means on a response variable for which
calculating the mean is inappropriate), the same is not true for the CP coefficient. Since it
is on the latent standardized normal scale, the CP coefficient can be interpreted as a latent
Cohen's d, representing the difference in latent means between groups in standard deviation
units. For example, Fig. 4 shows the point estimate for pepper spray you at f=1.0, indicat-
ing that Black participants on average have a fear of being pepper sprayed by police that
is one standard deviation higher than that of White participants. Compared to popular rule-
of-thumb thresholds for interpreting Cohen s d effect magnitudes, these are extremely large
effects by social science standards. This underscores the substantive significance of these
racial disparities and highlights another serious consequence regarding analytical precision:
In other research contexts, scholars using linear models to analyze ordinal outcomes with
similar underlying distributional shapes might fail to detect statistically significant effects
that are smaller in magnitude but practically important, even with relatively large samples
(false negative).

With that said, relying solely on beta coefficients can lead to misleading conclusions. It is
understandable that researchers might observe estimates from different modeling specifica-
tions that are in the same direction, implying similar statistical inferential conclusions (e.g.,
all 95% Crls exclude zero), and apparently somewhat similar magnitudes, and then inter-
pret both modeling techniques as generating “similar substantive conclusions.” However, to
achieve more precise scientific conclusions, it is essential to move beyond latent scales and
examine predicted probabilities.

Extracting and Visualizing Predicted Probabilities and Contrasts

Goal: Extract Race-Specific Predicted Probabilities, Calculate Black-White Contrasts,
and Visualize Predicted Probabilities and Contrasts From Linear and Cumulative Probit
Models Estimating Race Differences in Item-Specific Fear of Police Response Data

As we discussed in the previous section, directly comparing beta coefficients from linear
and ordered probit models can be misleading due to differences in the latent scales. To gain
a clearer understanding of the impact of race on fear of police, we will now focus on extract-
ing and visualizing predicted probabilities and contrasts.
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Specifically, we will focus on the predicted probability of reporting being “afraid” or
“very afraid” (y>=3). This aligns with the implied estimand of the exemplar study, which
aimed to estimate group-based differences in “fear” of police. Understanding fear of police
among different demographic groups is crucial for addressing issues of trust and legitimacy
in criminological research, and reporting precise differences in fear responses is important
for accurately assessing the magnitude of disparities and understanding the true impact of
policing practices on community perceptions.

Linear Model Predicted Probabilities and Contrasts To make fair comparisons between
models, we calculated the predicted probability of responding “afraid” or “very afraid”
(y>=3) for each racial group from both linear and ordered probit models. For linear models,
this required transforming the continuous normal predictions into probabilities of exceeding
the threshold value of 3 on the 0—4 scale.!® We then calculated Black-White contrasts by
taking the difference between these predicted probabilities.

To quantify the difference in predicted probabilities between Black and White partici-
pants, we calculate the Black-White contrast as: Contrast=P(y>=3 | Black) — P(y>=3 |
White). We also calculate the posterior distribution of the contrast and summarize it to
obtain a point estimate and credible interval.

Ordered Probit Model Predicted Probabilities and Contrasts For the ordered probit models,
we use the posterior distribution of the model parameters to directly calculate the predicted
probabilities of y>=3 for Black and White participants. We then calculate the Black-White
contrast in the same way as for the linear models.

Visualization Figure 5 presents a comprehensive visualization of the predicted probabilities
and Black-White contrasts for the “afraid” or “very afraid” responses (y>=3) across the ten
fear of police items. The plots are structured to allow for direct comparisons of model pre-
dictions with observed data, as well as comparisons between the linear and ordered probit
models.

Race-Specific Predicted Probabilities (Left Panel) The left panel displays the race-specific
predicted probabilities for both linear (orange point-intervals) and ordered probit (purple
point-intervals) models, alongside the observed proportions (diamonds). Each point-inter-
val represents the posterior mean and 95% credible interval for the predicted probability
of y>=3 for either White or Black participants, as estimated by the respective model. The
observed proportions, shown as white or black diamonds, represent the raw proportions of
participants in each racial group who reported y>=3.

Black-White Contrasts (Right Panel) The right panel of Fig. 5 depicts the Black-White con-
trasts, which are the differences in predicted probabilities between Black and White partici-
pants, for both linear and ordered probit models. The observed contrast (black diamond) is

10Since our Bayesian linear models generate a full posterior distribution, we used the model’s normality
assumption to calculate P(yy>=3)=1—pnorm(3, mean=g,, sd=0), where y; is the mean of the latent vari-
able for individual i and o is the standard deviation. This allowed us to estimate the conditional predicted
probabilities of responding afraid or very afraid for each group and the uncertainty around those estimates.
Technical details and code are available in our online supplement.
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Pred. prob. of "afraid" or "very afraid" Diff. in pred. prob. of "afraid" or "very afraid"
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Fig. 5 Race-Specific Probabilities of “Afraid” or “Very Afraid” Responses and Black-White Probability
Contrasts, Observed and from Linear or Ordinal Model Predictions. Note: Left plot shows race-specific
observed and model-predicted probabilities of reporting being “afraid” or “very afraid” (y=4) of each
police outcome. Right plot displays contrasts (Black — White) in observed or model-predicted probabili-
ties for each outcome.

also included. Each point-interval represents the posterior mean and 95% credible interval
for the contrast. The dashed vertical line at X=0 serves as a reference point, indicating no
difference between the two groups. Points to the right of this line suggest a higher prob-
ability of y>=3 for Black participants, while points to the left indicate a higher probability
for White participants.

Key Observations First, as expected, the CP model’s point-intervals accurately reflect
observed data, confirming its appropriate fit to ordinal outcome data. In stark contrast,
while a naive interpretation of beta estimates might have suggested larger race effects in the
linear model (see Fig. 4), converting to predicted probabilities reveals this to be a mislead-
ing conclusion. Linear model predictions consistently underestimate observed values, with
no interval successfully capturing the observed race-specific proportions or Black-White
contrasts for any outcome item.

Specifically, the linear model’s point estimates, on average, underestimated the item-specific
probabilities of “afraid” or “very afraid” responses by 0.14, with underestimates ranging
from 0.08 to 0.20 across outcomes. Similarly, the linear model underestimated the item-
specific Black-White contrasts by an average of 0.08, with underestimates ranging from
0.042 to 0.1. This pattern aligns with the ceiling and floor effects described by Kruschke and
Liddell (2018), where linear models struggle to represent data clustered at extreme values
due to their inherent assumption of normality. Overall, these plots clearly demonstrate the
different ways the two models represent the observed data, highlighting the closer align-
ment of the CP model’s predicted probabilities with the empirical category proportions in
this specific case.
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Estimating Latent Fear With Multilevel Models or Normed Scale

Goal: Compare Predicted Probabilities Representing Latent Fear of Police from a
Cumulative Probit Multilevel Model of All Ten Items, a Linear Multilevel Model of All
Ten Items, and A Linear Model of a Normed Mean Scale (Comparable to Pickett et al’s
Analysis)

Is a Composite “Latent” Fear Measure Appropriate? Recall, Pickett and colleagues (2022)
constructed a composite scale by averaging ten ordinal items, then rescaled the measure to
range from 0 to 100, and interpreted coefficients from linear regression models predicting this
normed scale as effects on a “percentage” (of the outcome) scale. As noted earlier, this appears
to be relatively common practice in criminology. However, this approach invalidly assumes
equal intervals between response categories, and rescaling to 0—100 implies metric properties
that do not exist in the original ordinal data. This approach also loses item-specific informa-
tion and assumes the appropriateness of modeling a unidimensional “latent” fear construct.
Alternatives include cumulative probit models that respect the ordinal nature of the items
and multilevel modeling to account for item clustering. A cumulative probit multilevel
model should fit the ordinal data better and allow us to simultaneously examine whether
item-specific predicted probabilities and contrasts indeed cluster across the ten items as we
would expect if each were an indicator of a unidimensional latent fear construct.

Cumulative Probit Multilevel Model (CP MLM) The equation for the cumulative probit mul-
tilevel model is:

Equation 7. (Bayesian cumulative probit multilevel model with race predictor)
y¥ijk ~ Normal(fij, 1)
Wijk = Qg + 5 * Black; + Ugjk + Uijk * Black;
Hojk, H1jk ~ MVNormal(O, Z j)
vijk = kif T 1 <y*i <7
71 ~ Normal(—0.84, 1)
T3 ~ Normal(—0.25, 1)
73 ~ Normal(0.25, 1)
74 ~ Normal(0.84, 1)
8 ~ Normal(0, 1)
Where:

y*ijk is the latent continuous variable for individual 7, item j, and threshold £.

ij% 1s the mean of y; ;.

« ji, is the item-specific intercept for threshold k.

B is the population-level effect of Black;.

Black; is a binary indicator for race (Black=1, White=0).

tojx and py ;5 are item-specific random intercepts and slopes, respectively.
MVNormal indicates a multivariate normal distribution.

%j is the covariance matrix for the random effects of item ;.

Yi;k 18 the observed ordinal response, where k represents the ordered category (0 to 4).
Tk are the threshold parameters.
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Visualizing Item-Specific and Multilevel Model Estimates Figure 6 presents a comparison
of predicted probabilities and Black-White contrasts from our ten item-specific CP mod-
els (semi-transparent point-intervals) with comparable estimates from the CP MLM (violin
plots). The MLM provides pooled estimates of the effect of race on each response category
on a latent fear scale; overlaying those estimates on all ten item-specific estimates helps us
to see how these MLM estimates are generated and to visually determine whether the ten
items appear to assess a common latent construct.

Figure 6 reveals that, overall, item-specific models generate probability and contrast esti-
mates that closely cluster across the ordinal response distribution. This clustering supports
the notion that the individual items measure a common “latent” fear of police construct.
However, notable exceptions emerge, particularly in the extreme response categories (e.g.,
“very unafraid” for Whites and “very afraid” for Blacks), where substantial heterogeneity
across items is observed. Multilevel model estimates are precise where underlying item-
specific predictions closely cluster, and uncertainty intervals are wider where there is more
variation in item-specific predictions. This pattern underscores the model’s ability to capture
both commonalities and variations across items.

Linear Model with Normed Mean Scale To more directly compare with Pickett et al.’s
approach, we averaged the ten fear items and rescaled the resulting composite to a 0-100
scale. A linear model with race as a predictor was fit to this normed scale.
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Fig. 6 Race-specific predicted probabilities of latent fear of police for all ordinal response categories
and black-white probability contrasts, from item-specific and multilevel ordinal models. Note: Left plot
shows race-specific predicted probabilities of reporting each ordinal response category (0=very unafiaid
to 4=very afraid) from ten item-specific ordered probit models (semi-transparent point-intervals) and one
multilevel ordered probit model predicting latent fear of police (violin plot). Right plot displays contrasts
(Black — White) in predicted probabilities for each response category from the ten item-specific models
(semi-transparent point-intervals) and the multilevel model (violin plots)
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Equation 8. (Linear model with race predictor, normed y scale)
y; ~ Normal(u,, o)
w; = «a + B * Black;
a ~ Normal(Ymean, 2.5 * Ysq)
B ~ Normal(0,2.5* ysq /Tsa)
o ~ Exponential(l / ysq)
Where:

y; 1s the normed mean scale value for individual i.

1 1s the mean of ;.

« is the intercept.

B is the population-level effect of Black;.

Black; is a binary indicator for race (Black=1, White=0).

a ~ Normal(Ymean, 2.5 * ysq) is the prior distribution for the intercept c.

B ~ Normal(0, 2.5 * ysq /xsq) is the prior distribution for the regression coefficient 5.
« is the standard deviation of the error term.

o ~ Exponential(1 / ysq) is the prior distribution for the standard deviation o.

As expected, this model revealed a substantial difference in reported fear between Black and
White participants. The coefficient for race (Black) was B=31.65 (95% CI: 28.19, 35.28),
indicating that Black participants scored, on average, 31.65 points higher than White partici-
pants on the 0—100 normed scale, where White participants scored a mean of 32.17. While
this 31.65-point difference on the 0—100 scale indicates a substantial disparity, translating
this linear coefficient back into the context of the original ordinal responses requires care. As
noted previously, interpreting this as a direct “percentage point” difference rests on assump-
tions about equal intervals and the nature of the scale transformation that differ from the
assumptions of ordinal models. Comparing the insights from this approach with those from
the ordinal models (below) highlights how different methodological assumptions can lead
to different quantitative conclusions about the magnitude of disparities.

To better understand these results, we back-transformed the predicted means to the origi-
nal 0—4 scale. For White participants, the predicted mean was 1.29, and for Black partici-
pants, it was 2.55, for a predicted difference of 1.26 units on the original scale. Importantly,
31.65% of a theoretically possible four-threshold increase (i.e., from 0 to 4) on a latent ordi-
nal fear response also equals 1.266. It should be clear by now that the “percentage change”
summarized by linear model coefficients using a normalized (0 to 100) ordinal composite
scale is neither a true nor meaningful percentage metric; it provides the illusion of a metric
interpretation while obscuring the true interpretation as an inappropriate and potentially
biased metric-approximation of predicted change in raw ordinal units. On the original scale
(0=very unafraid, 4=very afraid), these conditional means imply that the typical White
participant falls between “unafraid” and “neither,” while the typical Black participant falls
between “neither” and “afraid.” How accurate are these predictions? Fig. 5 (above) revealed
that over half of Black participants reported being “afraid” or “very afraid” on eight out of
ten items; the CP MLM also predicts just over half of Black participants feel “afraid” or
“very afraid” (see categories ‘3’ and ‘4’ in Fig. 6). As with the item-specific results, a linear
model fit to a mean-scaled and normed composite measure comprised of ordinal outcome
items substantially underestimates the predicted race effect on latent fear.
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Linear Multilevel Model To enable a direct comparison with the cumulative probit mul-
tilevel model (CP MLM) using leave-one-out cross-validation (LOO), we also fit a linear
multilevel model (linear MLM). This was necessary because we cannot use LOO to directly
compare the CP MLM with the linear model using the normed mean scale.

Equation 9. (Bayesian linear multilevel model with race predictor)
yi; ~ Normal(p;j,0)
Hij = o + B Black; + p;
p; ~ Normal(0, o;)
a ~ Normal(0, 1)
B8 ~ Normal(0, 1)
o ~ Exponential(1)
oj ~ Exponential(1)
Where:

¥i; is the fear value for individual i and item ;.

35 is the mean of y;;.

« is the global intercept.

B is the population-level effect of Black;.

Black; is a binary indicator for race (Black=1, White=0).

5 is the random intercept for item ;.

p; ~ Normal(0, o;) is the prior distribution for the random intercept.

o is the standard deviation of the error term.

Normal(0, 1) is a diffuse prior distribution for the global intercept a and regression
coefficient 5.

e Exponential(1) is the prior distribution for the standard deviation ¢ and the standard
deviation of the random intercepts ;.

Comparing MLM and Linear Latent Model Predictions for “Very Afraid” To compare each
of the three models’ predictions of “very afraid” (y=4), we calculated the probabilities and
contrasts implied by both the mean-scaled normed linear model and the multilevel linear
model using two thresholds: 100 (precise) and 87.5 (generous, corresponding to y>=3.5).
This is necessary because the metric normal distributional assumption of the linear models
permits ambiguity (and potential researcher degrees of freedom) in defining the precise
cutoff on the latent scale that is nominally equivalent to “very afraid.” In contrast, the CP
MLM model is explicitly designed to generate precise estimates for each ordinal response
category.

Table 2 presents a comprehensive comparison of predicted probabilities and contrasts for
“very afraid” responses across all models. “Observed” proportions of latent “very afraid”
responses were also included by calculating an unweighted average of the race-specific
proportions across all ten items.

Key Observations Examining Table 2 reveals that the ordinal MLM's predicted probabili-
ties and contrasts closely align with the observed average proportions, with the observed
values falling well within the model’s 95% credible intervals. In comparison, the estimates
derived from the linear models (both normed scale and multilevel, using either precise or
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Table 2 Race-specific predicted
probabilities of “Very Afraid”
responses and contrasts from
ordinal MLM and linear scale or
MLM models predicting latent
fear of police

@ Springer

95% Crl
Estimate  Lower Upper
Probability: P(“Very Afraid”|Black)

Observed Proportions 0.321 - -
Ordinal MLM (y=4) 0.328 0.300  0.356
Linear Scale: Precise (normed 0.110 0.092 0.131
y>=100)

Linear MLM: Precise (y>=4) 0.133 0.126 0.140
Linear Scale: Generous (normed 0.211 0.185 0.239
y>=817.5)

Linear MLM: Generous (y>=3.5) 0.233 0.224 0.243
Probability: P(“Very Afraid”|White)

Observed Proportions 0.086 - -
Ordinal MLM (y=4) 0.076 0.067 0.087
Linear Scale: Precise (normed 0.011 0.007 0.015
y>=100)

Linear MLM: Precise (y>=4) 0.019 0.017 0.021
Linear Scale: Generous (normed 0.030 0.023 0.040
y>=817.5)

Linear MLM: Generous (y>=3.5) 0.045 0.042 0.049
Contrast: P(“Very Afraid”|Black)—P(“Very Afraid”|White)
Observed Contrast 0.235 - -
Ordinal MLM (y=4) 0.251 0.218 0.284
Linear Scale: Precise (normed 0.099 0.082 0.119
y>=100)

Linear MLM: Precise (y>=4) 0.114 0.108 0.121
Linear Scale: Generous (normed 0.181 0.156 0.208
y>=87.5)

Linear MLM: Generous (y>=3.5) 0.188 0.179 0.198

Observed proportions of “very afraid“ (y=4) responses calculated as
the mean of race-specific observed proportions across all ten items;
observed contrast is the Black-White difference in these proportions.
All other estimates represent predicted probabilities and contrasts
for the “very afraid® (y=4) response category on a latent “fear of
police* construct. “Ordinal MLM” estimates are from a Bayesian
ordered probit (ordinal) multilevel model with thresholds and race
effects varying across all ten outcomes, calculated as population-
level predictions marginalized over the random effects of outcomes;
interval estimates incorporate uncertainty from both fixed and random
effects in the predictions (see also response category=4 in Fig. 5).
“Linear Scale” estimates are from a Bayesian linear model predicting
a composite latent fear scale calculated as the normed mean of all
ten outcomes (see Pickett et al. 2022). Linear MLM are estimates
from a Bayesian linear multilevel model with otherwise comparable
specifications to the ordinal MLM. Since the linear models do not
directly predict ordinal categories but assumes underlying latent
metric responses, two alternative estimates are calculated using
different latent response thresholds: Precise: “y=4 or above” (>=100
on normed scale); Generous: “y=3.5 or above” (>=87.5 on normed
scale).
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generous thresholds) show notable differences from the observed values, with the observed
parameters falling outside the 95% credible intervals from these models. For example, the
ordinal MLM predicted a probability of Black participants being very afraid of police to be
0.328, while the linear normed model (precise) predicted 0.110; the observed proportion
was 0.321. The ordinal MLM predicted a probability of white participants being very afraid
of police to be 0.076, while the linear normed model (precise) predicted 0.011, the observed
proportion was 0.086. These comparisons highlight the ordinal MLM's greater accuracy in
recovering the observed category proportions for “very afraid” in this dataset.

LOO Comparison of Linear MLM and CP MLM The LOO comparison revealed a dramatic
difference in model fit (see Appendix 3), with the linear MLM exhibiting a substantially
worse ELPD (—17,182.0) compared to the CP MLM (-15,263.0). This difference of -1,919.0
(SE=48.6; see online supplement), or more than 39 standard errors, strongly supports the
notion that the ordinal nature of the data is crucial and that the CP MLM provides a substan-
tially better representation of the underlying response structure.

Direct Replication and Comparison with Pickett et al. (2022)

To directly address concerns about the comparability of our Bayesian estimates with those
reported in the original study, we replicated Pickett et al.’s key bivariate analysis (reported
in Model 1 of Table S3 in their online supplement) and compared it with our Bayesian linear
and multilevel ordinal alternatives. Key results are summarized in Table 3.

Exact (OLS) and Conceptual (Bayesian) Replication of Original Analysis Following Pickett
et al.’s specifications, we created the 0—100 normed fear scale and applied OLS regres-
sion with robust standard errors. Our frequentist replication yielded a Black race coefficient
of 31.62 (95% CI: 29.78, 33.46), closely matching our Bayesian linear estimate of 31.65
(see “Estimating Latent Fear with Multilevel Models or Normed Scale” section) and their
original estimate of 32.09. Though we observe a very slight difference between the original
published estimate and our replicated estimates, which likely reflects a minor difference in
sample composition (we identified one missing observation that required a decision about
inclusion), these results generally confirm the reproducibility of their findings while validat-
ing our analytical approach.

Ordinal Multilevel Alternative In comparison, our multilevel cumulative probit model using
the same data treated each item as a separate observation nested within respondents while
retaining the ordinal Likert (0 to 4) response scale. Unsurprisingly, this approach yielded a
very different fixed effect of 5=0.98 (95% CrI: 0.86, 1.10), along with a random effect vari-
ability estimate of 0.17 (95% Crl: 0.10, 0.29) across items.

Convergent Findings, Complementary Insights Both approaches detect nearly identical
effect magnitudes on standardized latent scales. The linear approach suggests Black partici-
pants score 31.6 points higher on the 0—100 normed scale, equivalent to about a 1.26-unit
difference on the original 0—4 ordinal response scale. The ordinal multilevel approach yields
a latent Cohen’s d=0.98, virtually matching Pickett et al.’s reported d=0.97 (2022, p.302).
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Table 3 Replication and ordinal analysis of bivariate race difference in fear of police from Pickett et al.
(2022)

Approach ~ Method Scale Race Coeff Interpretation ~ What this means
[95% C1/Crl]
Pickett OLS+Ro- 0-100  32.09¢ “32.1 percent- Percentage of full (ordinal)
et al. bust SE normed [30.24, 33.94] age point scale, or:
(Original) difference” (32.1/100) * 4=Race difference

of 1.28 metric units on original
0—4 ordinal response scale

Exact OLS+Ro- 0-100  31.62° “31.6 percent- Percentage of full (ordinal)
Replication bust SE normed [29.78, 33.46] age point scale, or:
difference” (31.6/100) * 4=Race difference

of 1.26 metric units on original
0—4 ordinal response scale

Bayesian Bayesian  0-100  31.65° “31.7 percent- Percentage of full (ordinal)
Replication Linear normed [28.19, 35.28] age point scale, or:
difference” (31.7/100) * 4=Race difference

of 1.27 metric units on original
0—4 ordinal response scale
(~1.3 vs~2.6, or increase from
unfraid for Whites to neither
afraid nor unafraid for Blacks)

Ordinal Multilevel 04 FE: 0.98¢ 0.98 SD differ- Difference of nearly one full
MLM Cumula- latent [0.86, 1.10] ence on latent standard deviation (latent
Alternative  tive Probit scale RE: 0.17¢ scale; category- Cohen’s d=0.98) on latent con-
[0.10, 0.29] specific prob- tinuous scale, with substantial
abilities (see item-level effect heterogeneity
Fig. 6)

¢ See “Black” coefficient from Model 1 in “Table S3. Comparison of Police-Related Fear, by Race/
Ethnicity” in Pickett et al.’s (2022) online supplement

b See Sect. 11.4 (Lin: Latent effects on normed mean scale) of our online supplement

¢ See “MLM: Fit Summary” and “MLM: Random effects (re)” output in Sect. 11.3 (CP: Multilevel model)
of our online supplement

However, the ordinal multilevel model reveals important distributional insights obscured by
scale averaging. The substantial random effect variability (SD=0.17) indicates that racial
disparities vary considerably across different types of police actions. Specifically, disparities
are most pronounced for the most serious actions (killing: +0.24; shooting: +0.20) while
being smaller for more routine interactions (yelling: -0.25; searching: -0.17; stopping:
-0.13)." This substantial item-level heterogeneity suggests that the racial divide in police-
related fear is not uniform across all police behaviors but is especially concentrated in fears
of the most severe police violence.

Methodological Implications In this case, both approaches reach convergent substantive
conclusions about the existence, direction, and overall magnitude on a /atent scale of racial
disparities in police-related fear. Yet, the ordinal approach provides additional precision
about how these disparities manifest across different categories of police behavior, dem-
onstrating that while scale-based approaches might effectively capture overall group dif-
ferences in these data, ordinal models can reveal substantively important distributional

T All random effects coefficients are reported in “MLM: Random effects (re)” output in Sect. 11.3 (CP: Mul-
tilevel model) of our primary online supplement.
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patterns. In this case, such differences might inform our understanding of the specific nature
of police-related fears in different racial communities. In other cases, differences might
reveal assumption violations, effect heterogeneity, or threshold-specific patterns that funda-
mentally alter substantive conclusions about relationships.

Likewise, the convergence in effect sizes observed here between linear and ordinal
approaches is not guaranteed across all datasets or research contexts. Convergence depends
on factors such as the degree of skewness, the presence of ceiling/floor effects, the num-
ber of response categories, and the underlying distributional patterns. In cases with more
extreme ordinal distributions or smaller effect sizes, for instance, the approaches may yield
more divergent results, making the choice of analytical approach more consequential for
substantive conclusions.

Discussion
Key Findings and Substantive Implications

Our analysis and tutorial provided a practical demonstration of applying and interpret-
ing ordered regression models for ordinal data frequently encountered in criminological
research. Through simulation and detailed analysis of Pickett et al.’s (2022) “fear of police”
data, we illustrated how conventional linear models can lead to different quantitative con-
clusions compared to models explicitly designed for ordinal data, particularly regarding pre-
dicted probability effect magnitudes and distributional representation on the response scale.

Our analysis of racial differences in fear of police revealed substantively important find-
ings. The ordered probit models suggested a substantially larger proportion of Black partici-
pants reporting being “very afraid” of lethal police force compared to estimates derived from
linear models — a finding that aligned closely with observed data proportions. When linear
models imply probabilities that underestimate the proportion of Black participants who are
“very afraid” of police by over 20 percentage points (32.8% vs. 11.0%), this represents more
than a statistical technicality. Accurately and completely quantifying such estimates may be
crucial for building theories grounded in precise understanding of phenomena, developing
effective policy interventions, and accurately representing the lived experiences of research
participants.

Methodological Considerations and Practical Guidelines

Convergent Yet Distinct Findings The convergence in latent effect sizes between linear
and ordinal approaches (d = 0.97-0.98) demonstrates that both methods can detect simi-
lar overall magnitudes of group differences on standardized latent scales. However, this
convergence should not obscure fundamental differences in model adequacy. Our posterior
predictive checks and probability comparisons showed that linear models consistently failed
to recover actual probability distributions of fear responses, systematically underestimat-
ing category-specific probabilities and missing distributional patterns that ordinal models
captured accurately.
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Model Adequacy and Method Selection The fear of police data exhibited highly skewed
ordinal distributions with substantial ceiling and floor effects at the item level, which are
precisely the conditions where ordinal models should outperform linear alternatives. That
linear models failed to adequately represent probability distributions and missed critical
substantive insights even when aggregate effect sizes converged underscores that sum-
mary statistic agreement does not guarantee model adequacy or equivalent substantive
understanding.

Our findings provide concrete guidance for methodological decision-making. Linear
models may suffice for research questions focused solely on detecting the existence and
general magnitude of group differences on latent scales measured with items exhibiting
normal-like distributions across many response categories. However, our posterior predic-
tive checks and cross-validation results show ordinal models can provide dramatically supe-
rior predictive accuracy even when average effects converge, suggesting they better capture
underlying ordinal data generating processes. Moreover, ordinal models become essential
when research questions concern: (1) accurate representation of response probability distri-
butions, (2) category-specific effects or probabilities, (3) item-level heterogeneity in multi-
item constructs, or (4) precise prediction of response patterns.

It is also crucial to remember that the consequences of applying linear models to ordinal
data can vary. Though not observed in these data, in other contexts, such mismatches might
lead to effect overestimation, Type I (false positive) or Type II (false negative) inference
errors, or even incorrect conclusions about the direction of an effect (Liddell and Kruschke,
2018). These possibilities underscore the importance of selecting models whose assump-
tions plausibly match the data structure or, at minimum, of assessing the potential impact of
assumption violations on the conclusions drawn. Choosing methods well-suited to the data
structure helps ensure that statistical analyses provide complete and accurate representa-
tions of the underlying phenomena rather than potentially incomplete aggregate summaries
(cf. Brauer 2025).

Item-Level Heterogeneity Our comprehensive supplementary analyses (e.g., Appendix 1)
revealed that race effects varied substantially across individual items, ranging from 0.72
to 1.16 on the latent scale, with stronger effects for more severe police actions (kill; shoot;
physical violence). This heterogeneity was successfully captured through Bayesian multi-
level modeling with partial pooling, but it would be completely missed by aggregate scaling
and linear modeling approaches that assume uniform effects across items.

Proportional Odds and Model Flexibility Diagnostic testing revealed that the proportional
odds assumption was violated in these data, with a category-specific model showing sub-
stantially better predictive performance (ELPD difference=-84.5+14.7). This indicates that
race effects vary meaningfully across ordinal thresholds, with the data suggesting that racial
disparities are not uniform across the fear scale (e.g., effects may be larger for extreme fear
responses than for moderate ones). The violation highlights the importance of exploring
category-specific patterns through predicted probabilities rather than relying solely on aver-
aged coefficients and suggests that researchers should consider category-specific modeling
approaches when proportional odds assumptions fail substantially. However, even when this
assumption is violated, cross-validation confirms cumulative ordinal models remain vastly
superior to linear alternatives that ignore the categorical nature of ordinal data entirely.
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The“Default Method” Question If ordinal models perform equally well when linear models
are adequate and substantially better when linear models fail, why not simply default to
ordinal approaches as Liddell & Kruschke (2018) advocate? The conventional practice of
using linear models for computational simplicity or interpretational convenience represents
choosing a method that might fail when a superior alternative is readily available. Just as
our demonstration showed convergent effect sizes when both methods worked adequately,
ordinal models yield results similar to linear models under favorable conditions while pro-
viding superior insights when distributional assumptions are violated.

Broader Implications

Precisely Analyzing Imprecise Things Given that Likert-type measures are inherently ordi-
nal and imprecise approximations of presumed underlying constructs, one might ask: Why
focus so intensely on analytical precision? This question, while understandable, rests on a
false equivalence between measurement precision and analytical precision. Our demonstra-
tion shows that even imprecise measures can yield precise insights when analyzed appro-
priately — and overlooked or misleading conclusions when analyzed inappropriately. The
convergence in aggregate effect sizes masked fundamental differences in model adequacy
and substantive understanding. A key premise of ours is that criminologists conducting
quantitative research do care about precision — of their estimates, measures, and theories. If
we do not care about precision, then why quantify at all?

Our perspective, echoing Tukey (1977, p. vi), is that quantitative inquiry fundamentally
seeks answers to “by how much?” not just “in which direction?” questions. While ordinal
models cannot transform imprecise measures into precise ones, they aim to more faithfully
represent the information contained within the existing ordinal data. Choosing analytical
techniques whose assumptions align poorly with the data risks adding unnecessary statisti-
cal distortion on top of any inherent measurement limitations. Striving for accurate repre-
sentation of the data we do have seems a prerequisite for building more precise descriptions
and, ultimately, theories.

The capacity of cumulative probit models to explicitly estimate thresholds mapping
onto observed response categories allows for a more granular understanding of phenomena
compared to the broad directional statements or average effects often derived from lin-
ear models applied to ordinal data. This highlights the importance of critically examining
whether our conventional estimands — typically mean differences on assumed continuous
scales — are the most substantively meaningful targets, or whether alternative estimands
like category-specific probabilities, threshold effects, or distributional shifts might provide
more theoretically- and policy-relevant insights (see Brauer 2025; Brauer and Day 2025).
Ordinal methods allow us to estimate traditional average effects when appropriate, while
also opening up new estimands that were previously inaccessible or inaccurate under linear
approaches.

Scale-Level vs. Item-Level Analysis An apparent objection to our emphasis on analyzing
individual ordinal items concerns the well-established preference across social science dis-
ciplines for multi-item scales.'? This preference rests on compelling psychometric argu-
ments: Multi-item scales are expected to improve reliability compared to single items, offer

12 This objection was raised by a reviewer and the associate editor.
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enhanced content validity, and provide more stable measurements by averaging out item-
specific error variance. Given these apparent advantages, one might reasonably ask: Why
forgo the benefits of established scaling practices in favor of analyzing individual items?
Wouldn’t such an approach create substantial multiple comparison problems while sacrific-
ing the psychometric gains that justify multi-item measurement?

This objection mischaracterizes our approach. We do not advocate abandoning multi-
item measurement models; rather, we demonstrate a methodological progression that begins
with item-level analysis to illustrate ordinal methods’ superiority for recovering underlying
data distributions, then advance to multilevel modeling approaches that can achieve the
same psychometric benefits as traditional scaling while respecting ordinality. Multilevel
models and SEM/CFA approaches can generate equivalent multi-item measurement models
(cf. Mehta & Neale 2005). The key difference is employing methods designed for ordi-
nal data rather than forcing ordinal responses into inappropriate linear frameworks. This
approach recognizes both the methodological costs of inappropriate aggregation and the
importance of precise quantitative description.

Note, too, that distributional problems survive scale-level aggregation. Simkovic and
Trauble (2019) demonstrate that ceiling and floor effects persist even in aggregated mea-
sures, creating “biased noisy inference” and compromising core statistical properties.
Micceri’s (1989) analysis of 440 large-sample psychological datasets revealed perva-
sive non-normality, including extreme skewness, multimodality, and heavy tails, even in
well-established multi-item scales. This demonstrates that aggregation does not normalize
underlying ordinal distributions but often preserves and amplifies their problematic char-
acteristics. Moreover, transforming aggregated ordinal items into seemingly continuous
scales, especially when ‘normed’ (e.g., to a 0—100 range), creates an illusion of metric inter-
pretation where researchers interpret coefficients as ‘percentage point’ changes when this is
fundamentally inappropriate.

Concerns about multiple comparisons in item-specific analyses also reflect misunder-
standing of our methodological progression.'* Our specific approach addresses multiple
comparison concerns through hierarchical pooling while maintaining item-specific ana-
lytical precision (cf. Gelman et al. 2012; Garcia 2024; but see Ogle et al. 2019). Yet, the
choice is not between item-specific versus multi-item analysis; it is between analytical
approaches that accurately represent data structure versus those that sacrifice precision for
convenience.'*

When the primary aim is rich quantitative description to identify robust phenomena, which
is a core tenet of addressing the “theory crisis” in social science (cf. Eronen & Bringmann
2021; Brauer & Day 2025), our progression from item-level to multilevel ordinal modeling
provides accurate representation of underlying phenomena while preserving the psychomet-

13 This was another objection raised by the associate editor.

14 This perspective aligns with broader critiques of uncritical latent variable reification in psychological mea-
surement (e.g., Ropovik 2015; Flake & Fried, 2020; Rhemtulla et al. 2020). Revelle (2024), a respected figure
in psychometrics, argues that factors derived from aggregation often represent “convenient fictions” serving
as organizational tools rather than reflecting underlying causal entities, emphasizing that “aggregation should
be purposeful” and that “our latent variables are just descriptive summaries of the items rather than causal.”
“Similarly, Fried’s work demonstrates that summing ordinal symptom ratings can obscure critical informa-
tion about individual symptoms and their distinct etiologies, correlates, and consequences — information
entirely lost when items are aggregated (Fried & Nesse 2015; Fried et al. 2016; Fried et al. 2022.” Measure-
ment invariance issues, where differential item functioning can systematically bias group comparisons, also
are not resolved but hidden within composite scores (Rhemtulla et al. 2020).
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ric advantages that justify multi-item measurement. As our empirical demonstration shows,
these methodological choices can yield substantially different quantitative conclusions about
important social phenomena — differences that may matter for theory development, accurate
representation of lived experiences, policy formation, and intervention design.

Do We Really Need This? Our emphasis on achieving accurate quantitative description
is not intended as methodological pedantry but stems from a view that this is a fundamen-
tal component of cumulative empirical science (Brauer & Day 2025). Recommendations to
consider models like ordered regression for ordinal data arise from their potential to provide
more accurate and complete information compared to alternatives whose assumptions may
be violated. Rather than viewing such recommendations merely as reviewer hurdles, we sug-
gest they represent opportunities to potentially strengthen inferences and extract more mean-
ing from valuable, hard-earned data. Within research areas where theoretical predictions may
lack metric precision, adopting analytical practices that yield detailed and accurate quantita-
tive descriptions can be particularly valuable for building a solid empirical foundation and
advancing theoretical development (Eronen and Bringmann 2021; Scheel et al. 2021).

We think such progressive problem shifts will require us collectively to move beyond
default analyses that primarily offer dichotomous “significant/nonsignificant” conclu-
sions or vague directional statements (Brauer 2025). Efficient knowledge accumulation
often depends on precisely quantifying effect magnitudes and characterizing distributional
patterns completely and accurately. Importantly, ordinal models might facilitate richer
descriptive and predictive insights through full distributional modeling, natural predicted
probability calculations, and threshold-specific estimates. At the same time, they fully sup-
port conventional hypothesis testing, now applied to estimates generated by faithful model-
ing of underlying ordinal data structures.

Conclusion

Our analyses and tutorial demonstrated the value of ordered regression models for enhanc-
ing accuracy and completeness when modeling ordinal outcome data in criminological
research. By embracing techniques specifically designed for such data, criminologists gain
powerful tools to accurately capture distributional patterns and estimate effects on specific,
meaningful quantities such as category-specific probabilities. The practical steps demon-
strated, from visualizing ordinal distributions with mosaic plots to extracting predicted prob-
abilities, provide concrete tools applicable across diverse criminological contexts including
offense severity ratings, risk assessments, and attitudinal scales.

As the field confronts challenges of replication and reproducibility while seeking to
improve theories and empirical knowledge, the pursuit of analytical precision through
appropriate methodology becomes paramount. Rigorous analyses that carefully map statis-
tical models to underlying data generating processes are essential for accurately describing
the complexities of our social world. Equally important is critically evaluating whether
our chosen estimands are the most substantively meaningful for building a quantitative
criminology that is increasingly robust in its findings and effective in informing policy.
The choice should not be ‘when is linear close enough?’ but rather ‘how can we accurately
extract the most complete information from our hard-earned data?’ Using methods tailored
to its complexity is a first but crucial step.
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Appendix 1

Table 4 Overview of R tutorial structure and contents’

Tutorial Section Statistical ~ Model Data Structure ~ Convergence Purpose & Key Insights
Approach ~ Family Status
Model 1 Frequentist ~Gaussian Single-level Replicates Baseline comparison
OLS original with linear approach
Model 2 Bayesian Gaussian Single-level Converges Bayesian equivalent of
Linear original analysis
Model 3a Frequentist Cumulative Multilevel Convergence Frequentist multilevel
CP MLM probit issues ordinal (often fails to
converge)
Alternative 32 Item- Cumulative Item-specific Frequentist Simpler & more reli-
Specific CP  probit alternative able non-MLM fallback
Models if frequentist MLM
convergence fails
Model 3b Bayesian Cumulative Multilevel Converges Primary recommended
CP MLM probit successfully multilevel ordinal
approach
Proportional Category-  Categorical Multilevel For proportion-  Tests whether race
Odds Test Specific logit al odds assump- effects vary across
Model tion testing thresholds
Predicted Probability N/A From fitted Demonstrates ~ Shows interpretable
Probabilities Estimation models interpretation outputs: item-specific

vs population-level

IThis table summarizes the modeling approaches used to analyze ordinal fear of police data that we cover in
our R tutorial (referred to as Appendix 1). The tutorial also demonstrates why Bayesian multilevel ordinal
models are preferred over linear approaches. Complete R code and detailed explanations (“Appendix-1-
Tutorial” Quarto file) and data (in “Data” folder) for our tutorial, which is distinct from yet complements
our primary online supplement, can also be found at the authors’ website (https:/reluctantcriminologists.
com/supp/bd-supp/) and the project’s OSF page (https://osf.io/n52kc/)

Appendix 2

Table 5 Extreme fear responses by race and police action

Very Unafraid (y=0) Very Afraid (v=4)
Police Action White Black B—W Diff White Black B—W Diff
Stop You 28.8 8.9 -19.9 6.3 25.4 19.0
Search You 31.5 9.9 -21.7 6.5 24.6 18.1
Yell at You 29.2 10.3 -18.9 7.9 24.6 16.7
Handcuff You 33.1 9.7 -23.4 7.3 28.7 21.3
Kick/Hit You 41.9 10.5 -31.4 8.7 32.6 23.8
Pin You Down 41.1 10.5 -30.6 9.5 347 25.2
Pepper Spray You 41.7 10.5 -31.2 8.9 32.6 23.6
Tase You 41.9 10.3 -31.6 9.5 343 24.8
Shoot at You 44.2 10.5 -33.8 10.7 40.3 29.6
Kill You 44.2 114 -32.8 10.3 43.6 333

Observed percentages reporting highest and lowest levels of fear of police in Pickett et al. (2022) data
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Appendix 3

Table 6 Multilevel model comparisons using leave-one-out cross-validation

Model ELPD LOO! SEof ELPD  ELPD Difference? SE of
Difference

Cumulative Probit —15,263.0 47.0 —84.8 14.7

Cumulative Probit w/Unequal ~ —15,262.8 47.0 —84.7 14.7

Variances

Categorical Logit —15,178.2 47.9 0.0 0.0

Linear -17,182.0 56.6 -2,003.8 50.4

"ELPD LOO: Expected Log Pointwise Predictive Density
2 Difference compared to category-specific logit model

Summary of expected log pointwise predictive densities (ELPD), providing a quantitative measure of the
relative fit of various models predicting latent fear of police. Higher ELPD values indicate better model
fit. The linear model’s ELPD (-17,182.0) is considerably lower than the CP MLM’s (-15,263.0). Additional
supplementary models (see online supplement) shows a Categorical Logit MLM model improves model
fit even more (-15,178.2), though at the cost of a more complex model with a larger number of estimated
parameters
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